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❊①❡r❝✐❝❡ ✶
❊t✉❞✐❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ s✐♠♣❧❡ ❞❡s s✉✐t❡s ❞❡ ❢♦♥❝t✐♦♥s (fn)n∈N∗ ❡t ❞ét❡r♠✐♥❡r✱ ❞❛♥s ❝❤❛q✉❡ ❝❛s ❧❛ ❢♦♥❝t✐♦♥✱ ❧✐♠✐t❡ s✐♠♣❧❡
❞❡ ❝❡s s✉✐t❡s✿

✶✳ ∀x ∈ R fn(x) =
x

x2+n2

✷✳ ∀x ∈ R fn(x) =
nx+2
1+nx2

✸✳ ∀x ∈ R
∗

+ fn(x) = n ln(1 + x
n
)

✹✳ ∀x ∈ R
+ fn(x) = (1 + x

n
)n

✺✳ ∀x ∈ [0, 2] fn(x) =
xn

1+xn

❊①❡r❝✐❝❡ ✷
❙♦✐t (fn)n∈N ❧❛ s✉✐t❡ ❞❡ ❢♦♥❝t✐♦♥s ❞é✜♥✐❡s ♣❛r✿

∀x ∈ [0, 1] fn(x) =
n2x3

1 + n2x7

▼♦♥tr❡r q✉❡ (fn)n∈N ♥❡ ❝♦♥✈❡r❣❡ ♣❛s ❯♥✐❢♦r♠é♠❡♥t s✉r [0, 1]

❊①❡r❝✐❝❡ ✸
❙♦✐t α ✉♥ ré❡❧✳
❉✐s❝✉t❡r s✉✐✈❛♥t ❧❡s ✈❛❧❡✉rs ❞❡ α ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ✉♥✐❢♦r♠❡ s✉r R ❞❡ ❧❛ s✉✐t❡ ❞❡ ❢♦♥❝t✐♦♥s (fn)n∈N∗ ❞é✜♥✐❡s ♣❛r✿

fn(x) = 0 s✐ x 6= 0, fn(n) = nα

❊①❡r❝✐❝❡ ✹
➱t✉❞✐❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ✉♥✐❢♦r♠❡ s✉r [0, 1] ❞❡ ❧❛ s✉✐t❡ ❞❡ ❢♦♥❝t✐♦♥ (fn)n∈N∗ ❞é✜♥✐❡s s✉r [0, 1] ♣❛r✿

fn(x) = xn
√

1− x2

❊①❡r❝✐❝❡ ✺
❙♦✐t (fn)n∈N∗ ❧❛ s✉✐t❡ ❞❡ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡s s✉r [0, 1] ♣❛r✿

fn(x) = xn

✶✳ ▼♦♥tr❡r q✉❡ ❝❡tt❡ s✉✐t❡ ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠é♠❡♥t s✉r t♦✉t s❡❣♠❡♥t [0, a] ❛✈❡❝ a < 1

✷✳ ➱t✉❞✐❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ✉♥✐❢♦r♠❡ ❞❡ ❝tt❡ s✉✐t❡ s✉r [0, 1[

❊①❡r❝✐❝❡ ✻
P♦✉r t♦✉t ré❡❧ x ❡t ♣♦✉r t♦✉t ❡♥t✐❡r n ❞❡ N✱ ♦♥ ♣♦s❡

fn(x) =
1

1 + (x+ n)2

✶✳ ▼♦♥tr❡r q✉❡ ❧❛ s✉✐t❡ (fn)n∈N ❝♦♥✈❡r❣❡ s✐♠♣❧❡♠❡♥t s✉r R ✈❡rs ❧❛ ❢♦♥❝t✐♦♥ ♥✉❧❧❡✱ ♠❛✐s ♥❡ ❝♦♥✈❡❣❡ ♣❛s ✉♥✐❢♦r♠é♠❡♥t✳

✶



✷✳ ❙♦✐t gn ❧❡ r❡str✐❝t✐♦♥ ❞❡ fn à ❧✬✐♥t❡r✈❛❧❧❡ [0,+∞[✳
➱t✉❞✐❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ✉♥✐❢♦r♠❡ ❞❡ ❧❛ s✉✐t❡ (gn)n∈N s✉r [0,+∞[✳

❊①❡r❝✐❝❡ ✼
❖♥ ❝♦♥s✐❞èr❡ ❧❛ s✉✐t❡ ❞❡ ❢♦♥❝t✐♥ ❞é✜♥✐❡s s✉r [0, 1] ♣❛r✿

fn(x) = n2x(1− x)n

✶✳ ❊t✉❞✐❡r ❧❛ ❝♦♥✈❡❣❡♥❝❡ s✐♠♣❧❡ ❞❡ (fn) s✉r [0, 1]

✷✳ ▼♦♥tr❡r ❞❡ (fn) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠é♠❡♥t s✉r [a, 1] ♦ù a ∈]0, 1[✳

✸✳ ▼♦♥tr❡r ❞❡ (fn) ♥❡ ❝♦♥✈❡r❣❡ ♣❛s ✉♥✐❢♦r♠é♠❡♥t s✉r [0, 1] ❞✬❛❜♦r❞ ❡♥ ❝❛❧❝✉❧❛♥t
lim

n→+∞

supx∈[0,1] fn(x)✱ ❡♥s✉✐t❡ ❡♥ ❝♦♠♣❛r❛♥t

∫ 1

0

lim
n→+∞

fn(x)dx et lim
n→+∞

∫ 1

0

fn(x)dx

❊①❡r❝✐❝❡ ✽
P♦✉r x ≥ 0 ♦♥ ♣♦s❡ q✉❡ fn(x) =

x
n2+x2

✶✳ ▼♦♥tr❡r q✉❡ ❧❛ sér✐❡
+∞
∑

n=1

fn(x) ❝♦♥✈❡r❣❡ s✐♠♣❧❡♠❡♥t s✉r R+

✷✳ ▼♦♥tr❡r q✉❡ ❧❛ sér✐❡
+∞
∑

n=1

fn(x) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠é♠❡♠❡♥t s✉r t♦✉t ✐♥t❡r✈❛❧❧❡ [0, a] ❛✈❡❝ a > 0

✸✳ ❱ér✐✜❡r q✉❡✱ ♣♦✉r t♦✉t n ∈ N

2n
∑

k=n+1

n

k2 + n2
≥

1

5

✹✳ ❊♥ ❞é❞✉✐r❡ q✉❡ ❧❛ sér✐❡
+∞
∑

n=1

fn(x) ♥❡ ❝♦♥✈❡r❣❡ ♣❛s ✉♥✐❢♦r♠é♠❡♥t s✉r R+

✺✳ ▼♦♥tr❡r q✉❡ ❧❛ sér✐❡
+∞
∑

n=1

(−1)nfn(x) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠é♠❡♥t s✉r R+

✻✳ ▼♦♥tr❡r q✉❡ ❧❛ sér✐❡
+∞
∑

n=1

(−1)nfn(x) ❝♦♥✈❡r❣❡ ♥♦r♠❛❧❡♠❡♥t s✉r t♦✉t ✐♥t❡r✈❛❧❧❡ [0, a] ❛✈❡❝ a > 0

✼✳ ▼♦♥tr❡r q✉❡ ❧❛ sér✐❡
+∞
∑

n=1

(−1)nfn(x) ♥❡ ❝♦♥✈❡r❣❡♥❝❡ ♣❛s ♥♦r♠❛❧❡♠❡♥t s✉r R+

❊①❡r❝✐❝❡ ✾
➱t✉❞✐❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ♥♦r♠❛❧❡ ❞❡s sér✐❡s ❞❡ ❢♦♥❝t✐♦♥s ❞❡ t❡r♠❡ ❣é♥ér❛❧✿

✶✳ fn(x) =
x

nα(1+x2) , α > 1, et x ∈ [a, b] ⊂ R
∗

+

✷✳ gn(x) =
(−1)ne−nx

2

x2+n2 , x ∈ R

✸✳ hn(x) =
1

n2+cos(nx) , n ≥ 2 et x ∈ R

✷


